Liquidation Values, Risk and Capital Structure by Rosellon Cifuentes, M.A.
Oltxlgdwlrq Ydoxhv/ Ulvn dqg Fdslwdo Vwuxfwxuh4
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4L zlvk wr wkdqn Kdqv Ghju|vh/ Nmhoo Q|eruj dqg sduwlflsdqwv dw wkh 4<<; HID phhwlqj
dqg hvshfldoo| Xol Khjh dqg Dlovd Uùhoo iru pdq| frpphqwv dqg glvfxvvlrqv1 Doo uhpdlqlqj
huuruv duh plqh1
5Fruuhvsrqglqj dgguhvv= Urrp E 944/ Ghsduwphqw ri Ilqdqfh/ Wloexuj Xqlyhuvlw|/
S1R1Er{ <3486/ 8333 OH Wloexuj/ Wkh Qhwkhuodqgv1 h0pdlo= urvhoorqCnxe1qoDevwudfw
Wklv sdshu lqyhvwljdwhv wkh lqwhudfwlrq ehwzhhq qdqfldo vwuxfwxuh/ oltxlgdwlrq ydoxhv
dqg surgxfw pdunhw htxloleulxp1 Oltxlgdwlrq ydoxhv ghshqg rq krz pdq| upv duh
oltxlgdwhg/ dqg wkhuhiruh rq wkh lqgxvwu| htxloleulxp ri fdslwdo vwuxfwxuhv dqg ri
whfkqrorj| fkrlfhv1
Zh vkrz wkdw upv xvlqj d whfkqrorj| zlwk kljk oltxlgdwlrq ydoxh lvvxh ohvv ghew
wkdq wkrvh zlwk orz oltxlgdwlrq ydoxh hyhq li wkhvh rqhv pd| eh lqh!flhqwo| oltxlgdwhg1
Zlwk uhvshfw wr wkh htxloleulxp lq wkh lqgxvwu|/ zh rewdlq wkdw hyhq li lq htxloleulxp
doo upv xvh wkh vdph whfkqrorj|/ upv zloo xvh zlgho| glhuhqw fdslwdo vwuxfwxuhv1
MHO fodvvlfdwlrq= J65/ J661 Nh|zrugv= fdslwdo vwuxfwxuh/ whfkqrorj| fkrlfh/
lqgxvwu| htxloleulxp/ qdqfldo frqwudfwv14L q w u r g x f w l r q
Vhyhudo sdshuv/ qrwdeo| Zlooldpvrq +4<;;, dqg Vkohlihu dqg Ylvkq| +4<<5,/ kdyh h{0
dplqhg wkh lqwhudfwlrq ehwzhhq fdslwdo vwuxfwxuh dqg oltxlgdwlrq ydoxhv1 Vkohlihu dqg
Ylvkq| +4<<5, vkrz wkdw d pdlq ghwhuplqdqw ri dvvhw looltxlglw| +dqg wkhuhiruh d pdlq
vrxufh ri oltxlgdwlrq frvwv, dulvhv iurp wkh jhqhudo htxloleulxp dvshfw ri dvvhwv vdohv1
Zkhq d up lv lq qdqfldo glvwuhvv/ lwv frpshwlwruv duh olnho| wr eh kxuwlqj dovr1
Wkhq/ wr wkh h{whqw wkdw wkh upv* dvvhwv duh vshflf wr wkh lqgxvwu|/ wkh| zloo kdyh
wr eh vrog wr d vhfrqg0ehvw xvhu1 H{whqglqj wklv uhdvrqlqj wr d odujh lqgxvwu|/ wkh
pdjqlwxgh ri wkh edqnuxswf| frvwv lqfxuuhg e| d up zloo ghshqg rq krz wkh uhvw
ri wkh lqgxvwu| lv ehkdylqj1 Lq sduwlfxodu/ lw lv qdwxudo wr vxssrvh wkdw dv pruh dqg
pruh upv duh oltxlgdwhg wkh dvvhwv zloo kdyh wr eh vrog wr upv zlwk hyhu lqihulru
ydoxdwlrqv1 Zh dujxh wkhq wkdw qrw rqo| lv wkh uhvdoh sulfh ri lqgxvwu|0vshflf dvvhwv
orzhu wkdq wkhlu jrlqj0frqfhuq ydoxh/ exw lw zloo ghfolqh zkhq wkhuh lv dq lqgxvwu|
grzqwxuq14 Zlooldpvrq +4<;;, dujxhv wkdw vshflf dvvhwv vkrxog eh qdqfhg zlwk
htxlw| ehfdxvh wkh| zloo uhtxluh ixuwkhu lqyhvwphqwv lq wkh ixwxuh wr nhhs wkhlu ydoxh1
Zlwk ghew qdqflqj/ wkh up pd| qrw eh deoh wr qdqfh wkhvh lqyhvwphqwv/ dqg/
jlyhq wkh vshflflw| ri wkh dvvhwv/ lw zloo lqfxu odujh frvwv1
Krzhyhu/ rqh fdq dujxh wkdw fdslwdo vwuxfwxuh fkrlfhv duh jhqhudoo| sulru wr lq0
yhvwphqw ghflvlrqv1 D up ghflghv uhjxoduo| rq qhz lqyhvwphqw surmhfwv/ zkloh ghew0
htxlw| udwlrv gr qrw riwhq h{shulhqfh odujh vzlqjv1 Wklv kdv ehhq wkh dssurdfk wdnhq
e| d odujh olwhudwxuh vwduwlqj zlwk P|huv +4<::, dqg Mhqvhq dqg Phfnolqj +4<:9,/
zkhuh lw lv vkrzq wkdw vkduhkroghuv* dwwlwxghv wrzdugv qhz lqyhvwphqwv duh dhfwhg
e| fdslwdo vwuxfwxuh1
Wkh uvw sxusrvh ri wklv sdshu lv wr h{dplqh wklv odvw lvvxh zkhq wkh dydlodeoh
lqyhvwphqwv glhu lq wkhlu ulvn fkdudfwhulvwlfv dqg lq wkhlu oltxlgdwlrq ydoxhv1 Lq
sduwlfxodu/ rqh ri wkh dydlodeoh whfkqrorjlhv lv vshflf lq wkh vhqvh ghvfulehg deryh/
zkloh wkh rwkhu rqh lv vwdqgdug +lq wkdw wkh up*v oltxlgdwlrq frvwv duh lqghshqghqw
4Vwuùpehuj +4<<:,/ xvlqj gdwd iurp Vzhglvk edqnuxsw upv/ qgv vxssruw iru wkh wkhru| ghyho0
rshg e| Vkohlihu ) Ylvkq| +4<<5,1 Lq sduwlfxodu/ kh qgv wkdw wkh uhdol}hg oltxlgdwlrq ydoxhv ghfuhdvh
zlwk wkh lqghewhgqhvv ri wkh lqgxvwu|/ zklfk lv wkh vrxufh ri +uhvdoh, pdunhw looltxlglw| wkh| lghqwli|
4ri wkh vlwxdwlrq lq wkh uhvw ri wkh lqgxvwu|,1 Wkh wzr whfkqrorjlhv dovr glhu lq wkhlu
rshudwlqj frvw= wkh orz oltxlgdwlrq0ydoxh whfkqrorj| lv pruh frvw0h!flhqw +li qrw/
lw zrxog dozd|v eh grplqdwhg e| wkh rwkhu whfkqrorj| dqg wkhuhiruh qhyhu fkrvhq5,1
Wklv pdnhv wkhp glhu dovr lq wkhlu ulvnlqhvv= wkh h{shfwhg sd|r iurp wkh whfkqrorj|
zlwk d orz oltxlgdwlrq ydoxh udqjhv ryhu d zlghu vxssruw wkdq wkh rwkhu rqh/ dqg
wkxv wklv whfkqrorj| lv ulvnlhu1 Wkh vhfrqg sxusrvh lv wr frqgxfw wklv dqdo|vlv lq dq
*lqgxvwu| htxloleulxp prgho* dv uvw ghyhorshg e| Pdnvlprylf dqg ]hfkqhu +4<<4,/
lq zklfk d up*v fdslwdo vwuxfwxuh lv ghwhuplqhg lq wkh frqwh{w ri wkh lqgxvwu| lq
zklfk wkh up rshudwhv1 Wklv lv wkh qdwxudo zd| wr dssurdfk wkh sureohp/ jlyhq wkdw
wkh oltxlgdwlrq ydoxh ri wkh ulvn| whfkqrorj| ghshqgv rq wkh uhvw ri wkh upv lq wkh
lqgxvwu|1
Zlwk uhvshfw wr wkh uvw jrdo/ rxu pdlq uhvxowv duh dv iroorzv1 Iluvwo|/ zh vkrz
wkdw/ dv lq Pdnvlprylf dqg ]hfkqhu +4<<4,/ li wkh ulvn| lqyhvwphqw lv wkh ydoxh
pd{lpl}lqj vwudwhj|/ vkduhkroghuv kdyh wr eh jlyhq wkh uljkw lqfhqwlyhv e| xvlqj d
surshuo| ohyhudjhg qdqfldo vwuxfwxuh1 Krzhyhu/ lq frqwudvw zlwk wkhlu prgho/ zh
vkrz wkdw ulvn0iuhh ghew zloo dovr lqgxfh wklv fkrlfh li wklv whfkqrorj| lv vx!flhqwo|
surwdeoh1 Wkh glhuhqfh dulvhv ehfdxvh ghew lv qrw qhxwudo lq rxu prgho/ l1h1 lvvxlqj
+ulvn|, ghew fkdqjhv suh0wd{ fdvk  rzv ehfdxvh lw fuhdwhv edqnuxswf| frvwv1 Khqfh/
iru orz ghew ohyhov upv duh qrw lqglhuhqw ehwzhhq erwk whfkqrorjlhv ehfdxvh wkh
ulvn ri edqnuxswf| lv uhpryhg/ dqg wkh prvw frvw0h!flhqw whfkqrorj| lv suhihuuhg1
Ylfh yhuvd/ li wkh ohvv ulvn| vwudwhj| lv rswlpdo/ orz ohyhudjh udwlrv zloo eh qhhghg1
Qrwlfh wkdw e| uhyhuvlqj wkh wlplqj dvvxphg e| Zlooldpvrq/ zh dovr 0dw ohdvw sduwldoo|0
uhyhuvh klv frqfoxvlrqv1 Rxu uhvxow lv uhodwhg wr +dowkrxjk vwurqjhu wkdq, wkh X0vkdshg
uhodwlrqvkls ehwzhhq ulvn dqg fdslwdo vwuxfwxuh irxqg e| Ndoh hw do1 +4<<4,1 Ulvn|
whfkqrorjlhv duh xvhg zkhq ghew lv hlwkhu ulvn0iuhh ru kljk/ zkloh ohvv ulvn| surmhfwv
5Qrwlfh wkrxjk wkdw wklv dujxphqw krogv rqo| iru frpshwlwlyh lqgxvwulhv1 Hovhzkhuh zh kdyh
vkrzq wkdw lq d gxrsro| vhwwlqj dq hqwudqw up pd| eh zloolqj wr xvh d whfkqrorj| zlwk orz
oltxlgdwlrq ydoxhv ehfdxvh wklv suryrnhv d vriwhu uhdfwlrq iurp lwv ulydo/ dqg wkdw dq lqfxpehqw up
frxog xvh vxfk whfkqrorj| wrr/ li wkdw ghsuhvvhv lwv srwhqwldo ulydo*v oltxlgdwlrq ydoxh +vhh Urvhooöq
4<<;,1
5duh fkrvhq lq ehwzhhq16
Vhfrqgo|/ zh vkrz wkdw wzr nlqgv ri htxloleuld pd| dulvh1 Iluvw/ dv lq Pdnvlprylf
dqg ]hfkqhu +4<<4, erwk whfkqrorjlhv fdq frh{lvw lq htxloleulxp/ exw wkh fdslwdo
vwuxfwxuhv zloo glhu1 Lq wklv fdvh doo upv lvvxh ulvn| ghew/ exw dffruglqj wr wkh
lqwxlwlrq deryh/ wkh upv xvlqj wkh ohvv ulvn| whfkqrorj| lvvxh ohvv ghew/ iruhjrlqj
wd{ vklhogv lq h{fkdqjh iru d pruh ulvn0vhhnlqj vwudwhj|1 Krzhyhu d vhfrqg htxloleulxp
dulvhv lq rxu prgho zkhuh wkh ohvv h!flhqw whfkqrorj| +lq wkh qrq0edqnuxswf| vwdwhv,
lv qrw xvhg dw doo1 Lq wklv fdvh/ vrph upv xvh kljk ghew htxlw| udwlrv/ zkloh wkh uhvw
zloo qrw lvvxh dq| ulvn| ghew1 Wkh uvw jurxs lqfxuv kljkhu oltxlgdwlrq frvwv zlwk
vrph suredelolw| dqg hqmr|v kljk wd{ ehqhwv ri ghew/ zkloh wkh rssrvlwh krogv iru
wkh vhfrqg jurxs1 Lq wklv htxloleulxp zh qg lghqwlfdo upv xvlqj zlgho| glhuhqw
ghew htxlw| udwlrv1
D ixuwkhu lqvljkw wkdw fdq eh gudzq iurp wkh wzr htxloleuld lv wkdw d up fdq xvh
fdslwdo vwuxfwxuh dqg whfkqrorj| fkrlfh dv vxevwlwxwh ghylfhv wr uhgxfh wkh ulvnlqhvv
ri lwv wrwdo sd|r1 Dv pruh dqg pruh upv fkrrvh wkh ulvn| whfkqrorj| lw ehfrphv
wrr ulvn|1 Dw vrph srlqw upv kdyh wr uhgxfh wkh ulvnlqhvv ri wkhlu fdvk  rzv/ dqg
wklv lv grqh lq rqh ri wzr dowhuqdwlyh zd|v1 Hlwkhu wkh uhpdlqlqj upv fkrrvh wklv
vdph whfkqrorj| exw lvvxh qr ulvn| ghew/ ru wkh| mxvw fkrrvh wkh rwkhu whfkqrorj|1
Dv phqwlrqhg deryh/ wkh vhfrqg frqwulexwlrq ri wklv sdshu lv wr lqfrusrudwh wkh
sureohp ri qrq0yhuldelolw| ri fdvk  rzv lqwr dq lqgxvwu| htxloleulxp prgho1 Pdnvl0
prylf dqg ]hfkqhu +4<<4,/ ]hfkqhu +4<<9, dqg Zlooldpv +4<<8, kdyh lqyhvwljdwhg lq
lqgxvwu| htxloleulxp vhwwlqjv lvvxhv wkdw kdg ehhq xvxdoo| dqdo|vhg lq d vlqjoh0up
iudphzrun1 Wkh| vkrz wkdw vrph ri wkh uhvxowv wkdw krog iru d vlqjoh up duh wkhq
uhyhuvhg1 Lq wkh olwhudwxuh rq lqfrpsohwh qdqfldo frqwudfwv/ lw lv dvvxphg wkdw d
fdvk0frqvwudlqhg hqwuhsuhqhxu vhhnv qdqflqj iru dq lqyhvwphqw surmhfw/ dqg wkdw wkh
fdvk  rzv ri wkh surmhfw duh qrw yhuldeoh1 Wkh sureohp lv wr ghvljq wkh rswlpdo
qdqfldo frqwudfw wkdw zloo uhzdug wkh qdqflhuv vx!flhqwo| iru wkhlu lqyhvwphqw gh0
vslwh wkdw qrq0yhuldelolw|1 D fhqwudo uhvxow lv wkdw lqh!flhqw oltxlgdwlrq ri wkh up lv
6Mdh dqg Zhvwhuhog +4<;:, dprqj rwkhuv kdyh dovr lqyhvwljdwhg wkh uhodwlrqvkls ehwzhhq fdslwdo
vwuxfwxuh dqg exvlqhvv ulvn1
6qhfhvvdu| dv d glvflsolqlqj ghylfh1 Zkhq zh dqdo|vh wklv sureohp lq d frqwh{w zkhuh
upv kdyh wr ghvljq wkhlu fdslwdo vwuxfwxuh/ lw lv qdwxudo wr gurs wkh dvvxpswlrq wkdw
vkduhkroghuv duh zhdowk0frqvwudlqhg +vlqfh wkh| frxog fkrrvh wr lvvxh qr ghew lq wkh
uvw sodfh/ dqg wr qdqfh wkh up frpsohwho| zlwk htxlw|,1 Wkhuhiruh/ wkh pdlq lvvxh
wkdw dulvhv lv zkhq vkduhkroghuv zloo eh zloolqj wr uhsd| wkhlu ghew dqg zkhq wkh|
zloo ghidxow1 Lq rxu prgho wkhuh lv d vhfrqg sureohp wkdw fdslwdo vwuxfwxuh kdv wr
ghdo zlwk/ zklfk lv wkh whfkqrorj| fkrlfh1 Li wkh whfkqrorj| fkrlfh lv qrw frqwudfwleoh/
vkduhkroghuv kdyh wr eh jlyhq dssursuldwh lqfhqwlyhv1
Wzr pdlq uhvxowv dulvh iurp wkh fdslwdo vwuxfwxuh ghvljq sureohp1 Iluvw/ zh vkrz
wkdw lvvxlqj wrr pxfk ghew fuhdwhv d ghew ryhukdqj sureohp/ dqg lqh!flhqw oltxlgdwlrq
vwloo rffxuv zkhq wkh oltxlgdwlrq ydoxh ri wkh dvvhwv lv ohvv wkdq wkhlu frqwlqxdwlrq
ydoxh1 Vhfrqg/ zh vkrz wkdw dv d uhvxow ri wkh whfkqrorj| fkrlfh sureohp/ upv xvlqj
wkh whfkqrorj| zlwk wkh kljkhvw oltxlgdwlrq ydoxh lvvxh ohvv ghew wkdq wkhlu pruh ulvn|
shhuv1 Wkh lqwxlwlrq lv wkdw d whfkqrorj| zlwk d orz oltxlgdwlrq ydoxh lv ulvnlhu iru
wkh vkduhkroghuv1 Dv vkduhkroghuv ehfrph pruh ulvn0orylqj wkh pruh ghew wkh up
l v v x h v /w k h |z l o of k r r v hw k hv d i hw h f k q r o r j |r q o |l io h y h u d j hl vo r zh q r x j k 1
Qrwlfh wkdw wkh dqdo|vlv deryh fdq eh dssolhg wr pdq| ri wkh pdlq ghflvlrqv wkdw
upv kdyh wr xqghuwdnh/ qrw rqo| wr whfkqrorjlfdo rqhv1 Iru h{dpsoh/ wkh ghflvlrq
wr vwduw dq dpelwlrxv uhvhdufk surjudp wr ghyhors d qhz surmhfw ru d elj dgyhuwlvlqj
fdpsdljq/ d fkdqjh lq wkh surgxfw lpdjh +ru hyhq qdph, kdv wkh ihdwxuhv wkdw fkdu0
dfwhul}h wkh vshflf dvvhwv dv zh kdyh ghqhg wkhp1 Pruh jhqhudoo|/ zh fdq wklqn ri
lqgxvwulhv zkhuh wklv nlqg ri *ulvn|* ghflvlrqv sod|v d ixqgdphqwdo uroh +vxfk dv LW,
dqg rwkhu ohvv g|qdplf rqhv zkhuh pruh frqvhuydwlyh dwwlwxghv zlwk uhvshfw wr wkh
surgxfw pdunhw duh rswlpdo1
Zlwk uhvshfw wr wkh hpslulfdo hylghqfh/ rwkhu wkdq wkh olwhudwxuh rq exvlqhvv ulvn
dqg fdslwdo vwuxfwxuh phqwlrqhg deryh/ zh vkrxog phqwlrq wkh olwhudwxuh rq oltxlgd0
wlrq frvwv dqg fdslwdo vwuxfwxuh1 Wklv olwhudwxuh pdlqo| qgv wkdw upv zlwk kljk
oltxlgdwlrq frvwv zloo whqg wr kdyh orz ohyhudjh/ ehfdxvh wklv uhgxfhv wkh suredelolw|
ri edqnuxswf| +vhh h1j1 Dqghuvrq dqg Ehwnhu +4<<8,,1 Wkhvh sdshuv duh gluhfw whvwv ri
Zlooldpvrq*v wkhru|1 Wkhvh uhvxowv pd| eh vhhq dv frqwudglfwlqj rxu wkhru|> krzhyhu/
7rxu uhvxow grhv qrw ghshqg rq wkh hhfw ri ghew rq wkh suredelolw| ri edqnuxswf|/
exw rq krz fdslwdo vwuxfwxuh ghwhuplqhv wkh fkrlfhv vkduhkroghuv pdnh +lq sduwlfxodu/
wkh ghjuhh ri vshflflw| ri wkh whfkqrorj| wkh| fkrrvh wr surgxfh,1 Lq wklv vhqvh zh
duh dqdo|vlqj dqrwkhu vlgh ri wkh lqwhudfwlrq ehwzhhq fdslwdo vwuxfwxuh dqg oltxlgd0
wlrq ydoxhv1 Dv idu dv zh nqrz wkhuh duh qr whvwv wkdw frqwuro iru wkh oltxlgdwlrq
suredelolw| wr lqyhvwljdwh wkh lqfhqwlyh hhfwv ri fdslwdo vwuxfwxuh1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrq
6 dqdo|vhv vkduhkroghuv* lqfhqwlyhv wr uhsd| wkh ghew/ dqg vhfwlrq 7 wkhlu whfkqrorj|
fkrlfh1 Vhfwlrqv 8 dqg 9 forvh wkh prgho ghwhuplqlqj wkh rswlpdo fdslwdo vwuxfwxuh
iurp d up*v shuvshfwlyh/ dqg wkh htxloleulxp lq wkh lqgxvwu| uhvshfwlyho|1 Vhfwlrq :
vxppdul}hv vrph hpslulfdo lpsolfdwlrqv dqg wkh odvw vhfwlrq frqfoxghv1
5W k h P r g h o
Zh kdyh d frqwlqxxp ri lghqwlfdo upv rq wkh ^3/ o` lqwhuydo1 Wkhuh lv qr glvfrxqwlqj
dqg hyhu|rqh lv ulvn qhxwudo1 Wkhuh duh irxu wlph srlqwv1
Dw | 'f / upv fkrrvh fdslwdo vwuxfwxuhv/ frqvlvwlqj ri ghew dqg htxlw|1 Fdslwdo
vwuxfwxuh lv fkrvhq wr pd{lpl}h htxlw| ydoxh/ zklfk/ jlyhq wkdw ghew lv idluo| sulfhg/
dprxqwv wr pd{lpl}lqj up ydoxh1 Zh xvh wd{hv dv wkh mxvwlfdwlrq iru wkh xvh ri
ohyhudjh1 Ilupv surwv duh wd{hg dw d frqvwdqw pdujlqdo udwh/  Pruhryhu/ ghew lv
wd{0ghgxfwleoh/ vr wkdw iru d ghew ohyho/ (/ upv ghgxfw iurp wkhlu wd{ eloo wkh dprxqw
(7
Dw | ' /w k hvkduhkroghuv ri hdfk up kdyh wr fkrrvh zklfk whfkqrorj| wr xvh1
Wkhuh duh wzr dowhuqdwlyhv dydlodeoh wr wkh upv= vwdqgdug dqg ulvn| +ru vshflf,
whfkqrorjlhv81 Hdfk doorzv wkh upv wr surgxfh xs wr rqh xqlw ri d krprjhqhrxv
7Zh wuhdw wd{ vklhogv lq wkh vdph zd| dv Pdnvlprylf dqg ]hfkqhu +4<<4, gr1 Dv wkh| srlqw rxw/
lw zrxog eh pruh uhdolvwlf wr dvvxph wkdw wkh wd{ ehqhw lv uhdolvhg rqo| rq wkh lqwhuhvw sd|phqwv>
krzhyhu/ lw kdv ehhq vkrzq wkdw wklv vlpsolfdwlrq lv qrw uhohydqw xqohvv wd{ vklhogv fdq eh orvw gxh
wr vrph qrq0fdvk fkdujhv vxfk dv ghsuhfldwlrq +vhh Eduqhd/ Kdxjhq dqg Wdopru +4<;8,,1
8Zh zloo riwhq fdoo wkhp *V* +vwdqgdug, dqg *U* +ulvn|, whfkqrorjlhv uhvshfwlyho|/ dqg zloo xvh
wkhvh vxshuvfulswv wr uhihu wr wkhp1
8jrrg/ hdfk h{klelwv frqvwdqw uhwxuqv wr vfdoh dqg uhtxluhv dq lqyhvwphqw U9 Wkh
frvwv ixqfwlrqv duh= 7E^'E b n B^ dqg -E^'B^/z k h u ht lv wkh txdqwlw|
surgxfhg dqg b dqg B duh srvlwlyh qxpehuv1 Wkh vwdqgdug whfkqrorj| wkxv lqyroyhv
kljkhu rshudwlqj frvwv1
Dw | '2 / upv frpshwh lq wkh surgxfw pdunhw1 Ghpdqg lv jlyhq e|  ' @  '/
zkhuh T lv wkh djjuhjdwh txdqwlw| surgxfhg/ dqg @ lv d udqgrp yduldeoh zklfk wdnhv
rqo| wzr ydoxhv/ @ 5i @Mc@ ujc zlwk suredelolwlhv w dqg   wc dqg @M :@ u1 Ilupv
frpshwh rqo| diwhu wkh| revhuyh wkh uhdol}dwlrq ri wkh udqgrp yduldeoh/ dfw olnh sulfh
wdnhuv/ dqg/ jlyhq frqvwdqw uhwxuqv wr vfdoh/ zloo surgxfh xs wr fdsdflw| li wkh| surgxfh
dw doo1 Khqfh/ djjuhjdwh surgxfwlrq htxdov , Wkhuh duh wzr srvvleoh uhvxowlqj sulfhv=
li wkh pdunhw lv odujh wkh sulfh zloo eh RM ' @M  ,> li lw lv vpdoo/ Ru ' @u  ,:1
Frpelqlqj wkh vwdwhv ri ghpdqg zlwk whfkqrorjlhv/ wkhuh duh irxu srvvleoh surwv/
ghqrwhg e| Zo
￿ zkhuh u ghqrwhv wkh vwdwh dqg k wkh whfkqrorj| fkrvhq= Zu
- ' Ru  Bc
Zu
7 ' Ru  b  Bc ZM
- ' RM  B dqg ZM
7 ' RM  b  B1
Lq wkh wklug vwdjh/ upv uhsd| wkhlu ghew +li dq|, dqg oltxlgdwlrq ghflvlrqv duh
wdnhq1 Dw wklv srlqw vkduhkroghuv fdq ghflgh wr udlvh qhz htxlw| wr uhsd| wkh ghew li
wkh surw rewdlqhg lv qrw vx!flhqw1 Jlyhq wkdw zh duh doorzlqj wkhp wr fkrrvh iuhho|
wkh fdslwdo vwuxfwxuh/ wkh| duh vx!flhqwo| zhdowk| wr jhqhudwh hqrxjk htxlw| wr uhsd|
dq| rxwvwdqglqj ghew1 Lq wkh irxuwk dqg odvw vwdjh/ wkh upv uhpdlqlqj lq wkh pdunhw
rewdlq d +qrq0frqwudfwleoh, surw/ zklfk ghshqgv rq wkh vl}h ri wkh pdunhw1 Li wkh
pdunhw wxuqv rxw wr eh odujh +l1h1 @ ' @M,w k h |j h wfM dqg fu rwkhuzlvh1
Wkh wzr whfkqrorjlhv glhu dovr lq wkhlu oltxlgdwlrq ydoxhv1 Li wkh vdih whfkqrorj|
lv oltxlgdwhg/ wkh oltxlgdwlrq ydoxh lv u7/ zlwk fM :u 7 :f u Iru wkh upv xvlqj
wkh vshflf +ulvn|, whfkqrorj|/ wkh oltxlgdwlrq ydoxh lv= u-E'kq/z k h u hk dqg q
duh h{rjhqrxv +srvlwlyh, sdudphwhuv/ dqg  lv wkh phdvxuh ri upv fkrrvlqj wkh ulvn|
whfkqrorj| zklfk lv oltxlgdwhg1 Wklv whfkqrorj| dozd|v suhvhqwv d orzhu oltxlgdwlrq
ydoxh/ l1h1 k	u 71 Zh dvvxph wkdw E  wEfM  u7  b:f/ zklfk jxdudqwhhv
9Qrqh ri wkh uhvxowv ehorz lv dowhuhg li zh dvvxph glhuhqw lqyhvwphqw frvwv/ LU dqg LV dv orqj
dv AL U  LV> l1h1 dv orqj dv wkh vwdqgdug whfkqrorj| uhpdlqv ryhudoo pruh frvwo|1
:Reylrxvo| zh duh dvvxplqj wkdw sO   . /l 1 h 1dO  o   . =
9wkdw d up xvlqj wkh ulvn| whfkqrorj| kdv d odujhu ghew fdsdflw| wkdq d up zlwk
wkh vwdqgdug rqh +vhh ehorz,1 Zh dovr dvvxph wkurxjkrxw wkdw , lv *odujh hqrxjk*/ wr
dyrlg erxqgdu| vroxwlrqv +l1h1 zh dvvxph doo rxu vroxwlrqv iru  duh lqwhulru lq dfc,o,1
Khqfh/ wkh ulvn| whfkqrorj| lv pruh h!flhqw lq qrq0edqnuxswf| vwdwhv/ exw lw kdv
d orzhu oltxlgdwlrq ydoxh/ zklfk lqfrusrudwhv d frpsrqhqw ri lqgxvwu|0vshflf ulvn1
Wklv phdqv wkdw li wkhuh lv dq lqgxvwu| grzqwxuq dqg wkhvh upv pxvw eh oltxlgdwhg
wkh| zloo h{shulhqfh juhdwhu orvvhv wkdq wkh rqhv zlwk wkh dowhuqdwlyh whfkqrorj|>
pruhryhu/ wkhvh orvvhv zloo eh uhodwhg wr wkh lqgxvwu| glvwulexwlrq ri whfkqrorjlhv1 Lq
frqwudvw/ wkh vdih whfkqrorj| lv ohvv h!flhqw lq qrq0edqnuxswf| vwdwhv/ exw wkh upv
xvlqj lw surylgh wkhpvhoyhv zlwk d whfkqrorjlfdo khgjh djdlqvw dgyhuvh lqgxvwu|0zlgh
frqglwlrqv1
514 Wkh qdqfldo vwuxfwxuh
Dw wkh lqlwldo gdwh/ upv fkrrvh wkhlu fdslwdo vwuxfwxuh +ghew dqg htxlw|, wr pd{lpl}h
wkhlu ydoxh/ dv dujxhg deryh1 Lq grlqj vr/ wkh| kdyh wr frsh zlwk wzr sureohpv= uvw/
zh dvvxph wkdw wkh vwdwh ri ghpdqg lv qrw yhuldeoh iru wkh fuhglwruv/ vr wkdw zh
rewdlq wkh xvxdo frqwudfw lqfrpsohwhqhvv +vhh h1j1 Erowrq dqg Vfkduivwhlq +4<<9,,/
dqg wkh up kdv wr sohgjh lwv dvvhwv dv froodwhudo1 +Ri frxuvh/ lw lv frpprq nqrzohgjh
wkdw Zu
7 lv wkh ohdvw wkh up fdq rewdlq/ dqg orjlfdoo| zh dvvxph wkdw d sd|phqw htxdo
wr wklv dprxqw fdq dozd|v eh fodlphg lq fdvh ri ghidxow1;, Wkh idfw wkdw ghpdqg lv
qrw yhuldeoh doorzv wkh vkduhkroghuv wr glyhuw wkh surwv wkh| rewdlq wr wkhpvhoyhv
uhgxflqj wkh dfwxdo surw wkdw uhpdlqv dydlodeoh wr sd| edfn ghew kroghuv +l1h1 wkh|
*plon* wkh frpsdq|,1<
Vhfrqg/ wkh whfkqrorj| fkrlfh lv qrw hqirufhdeoh/ dqg wklv fuhdwhv d prudo kd}dug
sureohp wkdw dovr kdv wr eh vroyhg1
Zh uhvwulfw dwwhqwlrq wr vwdqgdug ghew frqwudfwv/ zkhuh ghew kroghuv jhw frqwuro ri
;Wklv iroorzv Erowrq dqg Vfkduivwhlq +4<<3,1
<Zh dvvxph/ krzhyhu/ wkdw wklv lv yhuldeoh e| wkh wd{ dxwkrulwlhv/ vr wkdw glyhuwlqj surwv lv
qrw d wd{0dyrlgdqfh ghylfh1
:wkh dvvhwv li ghew lv qrw uhsdlg143 Khqfh/ vkduhkroghuv duh uhvlgxdo fodlpdqwv lq erwk
edqnuxswf| dqg qrq0edqnuxswf| vwdwhv1 Jlyhq wkdw fdvk  rzv duh qrw yhuldeoh/
vkduhkroghuv fdqqrw frpplw wr pdnh dq| uhsd|phqw dw wkh qdo gdwh dqg wkhuhiruh
doo ghew pxvw kdyh pdwxulw| rqh shulrg1 Ghew lv idluo| sulfhg +ghew kroghuv euhdn
hyhq, jlyhq wkh ixwxuh lqfhqwlyhv ri vkduhkroghuv wr sd| lw edfn ru qrw/ zklfk duh
udwlrqdoo| dqwlflsdwhg1
6G h e w
Lq wklv vhfwlrq zh dqdo|}h vkduhkroghuv* lqfhqwlyhv wr uhsd| ru qrw wkh rxwvwdqglqj
ghew/ ghshqglqj rq wkh vwdwh ri qdwxuh/ rq wkh pdjqlwxgh ri wkh ghew dqg rq wkh
whfkqrorj| fkrlfh1
614 V whfkqrorj|
Vxssrvh d up lv xvlqj wkh vwdqgdug whfkqrorj|/ dqg wkhuh lv vrph rxwvwdqglqj ghew/
( Frqvlghu uvw wkdw wkh uhdol}dwlrq ri ghpdqg lv @M Wkh txhvwlrq lv zkhwkhu
vkduhkroghuv zloo eh zloolqj wr sd| edfn (1 Qrwlfh wkdw wkh surw rewdlqhg lq wkh
uvw shulrg lv qrw d frqvwudlqw/ iru zh dvvxph vkduhkroghuv duh qrw fdvk0frqvwudlqhg1
Wklv lv dq lpsruwdqw glhuhqfh zlwk uhvshfw wr wkh vwdqgdug iudphzrun zkhuh wkh
hqwuhsuhqhxu vhhnv qdqflqj iru d surmhfw ehfdxvh hlwkhu kh kdv qr zhdowk ru klv zhdowk
lv qrw vx!flhqw1 Dowkrxjk wkh wkuhdw ri oltxlgdwlrq lv vwloo qhhghg dv d phdqv iru wkh
ghewruv wr jhw dq| uhsd|phqw dw doo/ wklv wkuhdw lv rqo| fduulhg rxw li vkduhkroghuv
zlvk wr1
Li vkduhkroghuv fkrrvh wr sd| edfn wkh ghew wkh| rewdlq ZM
7 n fM  (c zkloh li
wkh| ghidxow wkh| jhw ZM
7 Zu
7 n@%ifcu 7 nZu
7 (j +Uhfdoo wkdw wkh| dozd|v kdyh
wr kdqg ryhu Zu
7 hyhq li wkh| ghidxow1, Wkh| zloo uhsd| wkh ghew l=
f
M  (  Z
u
7 n @%ifcu 7 n Z
u
7  (j +4,
43l1h1 zh gr qrw frqvlghu udqgrp oltxlgdwlrq ghylfhv1
;zklfk/ jlyhq wkdw fM :u 7 lv wuxh dv orqj dv (  fMnZu
7  Revhuyh wkdw vkduhkroghuv
zloo qhyhu sd| edfn dq| dprxqw odujhu wkdq fM n Zu
7 / zklfk lv dq xsshu erxqg iru
wkh ghew ohyho1 Lq zkdw iroorzv/ zh gluhfwo| dvvxph wkdw wklv xsshu erxqg lv dozd|v
uhvshfwhg +l1h1 zh zloo ljqruh wkh fdvh (:f M n Zu
7 1
Li ghpdqg lv orz/ vkduhkroghuv rewdlq Zu
7 nfu  ( li wkh| uhsd| wkh ghew +wklv
dprxqw fdq eh qhjdwlyh,/ ru @%ifcZ u




u  (  @%ifcu 7 n Z
u
7  (j +5,
zklfk lv qhyhu wuxh1
Wkhuhiruh/ vkduhkroghuv zloo uhsd| wkh ghew rqo| li ghpdqg lv kljk +surylghg ghew
lv ohvv wkdq fM n Zu
7, Khqfh wkh rswlpdo ghflvlrq lv wdnhq +wkh oltxlgdwlrq ghflvlrq
lv dozd|v h!flhqw,1
Jlyhq d ghew ohyho (/ vkduhkroghuv* h{shfwhg sd|r +dw gdwh 4, iurp fkrrvlqj wklv




M  (nE  w@%ifcu 7 n Z
u
7  (j +6,






7 n u7n( U +7,
615 U whfkqrorj|









7 n @%ifcu -EnZ
u
7  (j +8,
zklfk lpsolhv wkdw wkh| zloo uhsd| dv orqj dv (  fM n Zu
7 Khqfhiruwk zh dvvxph
wklv frqglwlrq lv phw1








7 n @%ifcu -EnZ
u
7  (j +9,
<Li (	u -EnZu
7c frqglwlrq +9, ehfrphv= fu  u-E Li (  u-EnZu
7c lw ehfrphv
li Zu
7 n fu  (
Wkhuh duh wzr fdvhv wr frqvlghu= fu  u dqg fu 	u 
Li fu 	u -E vkduhkroghuv dozd|v ghidxow rq wkh ghew/ ehfdxvh (  u-EnZu
-
lpsolhv wkdw (  fu n Zu
7
Li fu  u-Ec frpelqlqj wkh wzr fdvhv +( : u-EnZu
7 z hj h ww k d wg h e wl v
uhsdlg li lw lv ohvv wkdq fu n Zu
7
Wkhuhiruh/ li (:f u n Zu
7 +zklfk urxjko| phdqv li ghew lv ulvn|, vkduhkroghuv
zloo ghidxow li wkh oltxlgdwlrq ydoxh lv ohvv wkdq wkh frqwlqxdwlrq ydoxh/ l1h1 lqh!flhqw
oltxlgdwlrq wdnhv sodfh1 Wklv lv wkh frxqwhusduw ri wkh vwdqgdug uhvxow zkhq frq0
wudfwv duh lqfrpsohwh dqg wkh pdqdjhu +ru wkh vkduhkroghuv kh uhsuhvhqwv, lv zhdowk
frqvwudlqhg1 Lq wkdw vhwwlqj/ lqh!flhqw oltxlgdwlrq dulvhv dv d qhfhvvdu| ghylfh wr
glvflsolqh wkh pdqdjhu +Erowrq dqg Vfkduivwhlq +4<<9,/ Kduw dqg Prruh +4<<;,,1 Wkh
qhz ihdwxuh ri rxu uhvxow lv wkdw hyhq li wkh pdqdjhu lv qrw zhdowk0frqvwudlqhg/ wkhuh
pd| eh lqh!flhqw oltxlgdwlrq1 Vr/ zh vkrz wkdw wkh lqdelolw| wr frpplw ixwxuh fdvk
 rzv lpsolhv lqh!flhqw oltxlgdwlrq hyhq li wkh pdqdjhu lv zhdowk| +li ghew kroghuv
frxog fodlp ixwxuh fdvk  rzv wkh| zrxog qrw vhl}h wkh dvvhwv dqg zrxog rewdlq wkh
ixwxuh surw lqvwhdg,1 Wkh uhdvrq lv wkdw kljk ghew fuhdwhv d ghew ryhukdqj sureohp=
wkh uhsd|phqw ri wkh ghew lv wkh sulfh wkh pdqdjhu kdv wr sd| iru rewdlqlqj wkh vhf0
rqg shulrg surw1 Li wklv sulfh lv odujhu wkdq wkh surw lwvhoi/ vkduhkroghuv zloo fkrrvh
qrw wr uhsd|/ uhjdugohvv wkh oltxlgdwlrq ydoxh/ dv lq wklv fdvh wkh oltxlgdwlrq frvwv duh
ixoo| eruq e| wkh ghew kroghuv144









- n u-E  (j +:,
Lw lv xvhixo wr zulwh rxw h{suhvvlrq +:, glvwlqjxlvklqj wkh fdvhv fu  u-E45 dqg
44Qrwlfh wkdw wklv uhvxow ghshqgv rq wkh dvvxpswlrq wkdw wkhuh lv d *wrxjk* oltxlgdwlrq surfhgxuh
lq sodfh +vxfk fkdswhu < lq wkh XV,1 Li vrph uhqhjrwldwlrq zhuh srvvleoh/ lqh!flhqw oltxlgdwlrq frxog
eh dyrlghg1 Wklv fdq eh uxohg rxw h1j1 e| dvvxplqj wkdw ghew lv zlgho| khog1
45Qrwlfh wkdw wkh frqglwlrq OU+l, A[ O lv htxlydohqw wr l?￿￿[O
￿ / l1h1 lw lv d frqglwlrq rq wkh
qxpehu ri upv fkrrvlqj U zlwk kljk ghew1




- n fMnE  wEZu
- n fu  (c s (  Zu
7 n fu
wEZM
- n fM  (c s ( : Z u
7 n fu +;,




- n fMnE  wEZu
- n u  (c s (  Zu
7 n u
wEZM
- n fM  ( s ( : Zu
7 n u
+<,
Ilqdoo|/ wkh h{shfwhg ydoxh ri wkh up dw wkh lqlwldo gdwh lv jlyhq dv iroorzv1 Li


























- n un( U +45,
rwkhuzlvh1
616 Ghew kroghuv uhwxuq
Zh ghwhuplqh qrz wkh h{shfwhg sd|phqw ghew kroghuv fdq h{shfw/ jlyhq d whfkqrorj|
fkrlfh dqg d ghew ohyho1
Iurp wkh glvfxvvlrq lq vhfwlrq 614/ li wkh up xvhv wkh vdih whfkqrorj|/ wklv sd|phqw
htxdov=
w( nE  w?i(cu7 n Z
u
7 j +46,
Wkh pd{lpxp h{shfwhg sd|phqw lv rewdlqhg zkhq ( ' fnZM
7 c zklfk lv wkhuhiruh wkh
pd{lpxp ydoxh ri ghew ihdvleoh1 Wkh idfh ydoxh fruuhvsrqglqj wr wklv ghew uhsd|phqw
lv _ ' wEf nZM
7 nEwEu7 nZu
7  Pruhryhu/ ghew lv ulvn0iuhh li lw grhv qrw h{fhhg
f n Zu
7 
Li wkh up xvhv wkh ulvn| whfkqrorj|/ dqg li fu :u -E +fu  u-E,/ ghew lv
ulvn0iuhh ehorz fu n Zu
7 +u- n Zu
7,1 Rwkhuzlvh wkhlu h{shfwhg sd|r lv
w( nE  w?i(cu- n Z
u
7 j +47,
Wkh pd{lpxp ghew uhsd|phqw lv fM n Zu
7
447 Whfkqrorj| Fkrlfh
Zh dqdo|vh qrz wkh vkduhkroghuv* lqfhqwlyhv wr fkrrvh rqh ru wkh rwkhu whfkqrorj| dw
gdwh rqh/ rqfh fdslwdo vwuxfwxuh lv ghwhuplqhg1 Wr gr wklv/ zh rqo| kdyh wr frpsduh
wkh h{suhvvlrqv rewdlqhg deryh iru vkduhkroghuv* h{shfwhg sd|r iurp hdfk fkrlfh
+h{suhvvlrqv +:, dqg +6,,1 Zh rewdlq wkh iroorzlqj uhvxow1
Sursrvlwlrq 4 +l, Li E  wEfu  u7nb  fc vkduhkroghuv dozd|v fkrrvh wkh U
whfkqrorj|1
+ll, Li E  wEfu u7nb	fc vkduhkroghuv fkrrvh wkh V whfkqrorj| li (	7 ( dqg

















Dq lpsruwdqw revhuydwlrq zh gudz iurp Sursrvlwlrq 4 lv wkdw jlylqj wkh uljkw
lqfhqwlyhv wr wkh vkduhkroghuv wr fkrrvh 7 lpsrvhv dq xsshu erxqg rq wkh up*v
ohyhudjh1 Li ghew ohyhov duh yhu| kljk/ vkduhkroghuv 0uhvlgxdo fodlpdqwv0 ehfrph vxi0
flhqwo| ulvn0orylqj dqg wkh| fkrrvh wkh prvw ulvn| whfkqrorj|1 Pruhryhu/ iru orz
ghew ohyhov ghew kroghuv jhw uhsdlg lq ixoo/ dqg wkhuhiruh doo oltxlgdwlrq frvwv duh eruq
e| vkduhkroghuv1 Khqfh/ wkhuh lv qr ulvn0vkliwlqj sureohp dqg vkduhkroghuv wdnh wkh
rswlpdo ghflvlrq/ zklfk/ ghshqglqj rq EwEu7funb ehlqj srvlwlyh ru qhjdwlyhc
lqyroyhv wkh ulvn| ru wkh vdih whfkqrorj|1 Wklv uhvxow djuhhv zlwk lqwxlwlrq= li ghew ohy0
hov duh orz/ wkh ghew ryhukdqj sureohp lv uhpryhg/ dqg wkh prvw h!flhqw whfkqrorj|
zlwk uhvshfw wr wkh surgxfw pdunhw lv xvhg1
Qrwlfh wkdw wkhvh uhvxowv frqwudvwv zlwk Zlooldpvrq*v frqmhfwxuh wkdw qrq0uhghsor|deoh
dvvhwv zloo dozd|v eh qdqfhg zlwk htxlw| dqg ghew zloo eh xvhg iru kljko| uhghsor|0
deoh rqhv1 Wkh glhuhqw uhvxow lv gxh wr wkh glhuhqw wlplqj ri wkh prghov1 Lq rxu
45sdshu ohyhudjh lv ghvljqhg wr jlyh lqfhqwlyhv wr vkduhkroghuv 0khqfh lw lv sulru wr wkh
whfkqrorj| fkrlfh/ zkloh lq Zlooldpvrq*v zrun/ ohyhudjh lv ghwhuplqhg diwhu wkh fkrlfh
ri wkh ulvnlqhvv ri wkh dvvhwv1 Li wkhvh duh kljko| vshflf wkh up vkrxog qrw ghvljq d
ulvn| fdslwdo vwuxfwxuh1
Zlwk uhvshfw wr wkh phdvxuh ri upv wkdw pd| eh oltxlgdwhg/ /l iw k h u hd u hw r r
ihz upv lq wklv vlwxdwlrq/ wkh srwhqwldo oltxlgdwlrq frvwv duh qhjoljleoh frpsduhg wr
wkh ehqhwv lq whupv ri orzhu rshudwlqj frvw/ dqg vkduhkroghuv suhihu lw iru dq| ghew
ohyho1
8 Fdslwdo Vwuxfwxuh
Frpelqlqj wkh uhvxowv lq wkh suhylrxv vhfwlrq zlwk wkh pd{lpxp ghew ohyhov ghvfulehg
lq vhfwlrq 616/ zh fdq qg wkh rswlpdo ghew ohyho iru d up zlwk d jlyhq whfkqrorj|/
jlyhq 1 Gxh wr wkh wd{ ehqhwv ri ghew/ d up zloo lvvxh dv pxfk ghew dv lv frpsdwleoh
zlwk wkh frqvwudlqwv ghulyhg deryh1 Lq sduwlfxodu/ zkhq E wEu7  funb	fc d
up wkdw lv wr lqyhvw lq wkh vdih whfkqrorj| zloo lvvxh (7 ' 7 ( zkloh li d up ghflghv
wr lqyhvw lq wkh ulvn| whfkqrorj| lw zloo lvvxh (- ' Zu
7 nfM zklfk lv wkh xsshu erxqg
irxqg deryh1 Vlploduo|/ zkhq E  wEu7  funb  f +dqg wkhuhiruh doo upv zloo
xvh wkh U whfkqrorj|,/ upv kdyh wzr rswlrqv1 Wkh| fdq fkrrvh wr lvvxh d yhu| kljk
ghew ohyho +Zu
7 n fM,/ dw wkh frvw ri ehlqj +lqh!flhqwo|, oltxlgdwhg li ghpdqg lv orz/
ru d vpdoohu ghew +Zu
7 n @%ifucuEj,/ jlylqj xs wd{ ehqhwv ri ghew exw ehlqj
h!flhqwo| oltxlgdwhg1
Qrwlfh wkdw wklv uhvxow srlqwv dw d qrq0olqhdu uhodwlrq ehwzhhq ulvnlqhvv dqg fds0
lwdo vwuxfwxuh dv vxjjhvwhg e| Ndoh hw do1 +4<<4,= orz dqg kljk ohyhudjh ohyhov duh
dvvrfldwhg zlwk kljk ulvn/ zkloh orz ulvn fruuhvsrqgv wr ulvn| exw qrw wrr kljk ghew
ohyhov/ dqg wkhuhiruh wkhuh lv qr olqhdu uhodwlrq ehwzhhq erwk1
469 Lqgxvwu| Htxloleulxp
Dw | 'fupv fkrrvh fdslwdo vwuxfwxuhv wr pd{lpl}h wkhlu ydoxh1 Lq grlqj vr/ wkh|
kdyh wr frqvlghu wkh hhfw wkh fdslwdo vwuxfwxuh fkrlfh zloo kdyh rq wkh vxevhtxhqw
vkduhkroghuv ehkdylru1 Dv zh kdyh vhhq/ wkhuh duh rqo| wkuhh srvvleoh ghew ohyhov=
Zu
7 n @%ifucu -EjcZ u
7 n fM dqg 7 ( Wkh ydoxh ri wkh up iru hdfk ri wkhp lv
jlyhq lq wkh iroorzlqj h{suhvvlrqv=



















































Revhuyh wkdw T EZu
7 n @%ifucuEj 	TEZu
7 n fM dv orqj dv fu 	u -Ec
wkhuhiruh dv orqj dv 	
k3fu
q qr up zloo lvvxh ( ' Zu
7 n @%ifucu -Ej dqg zh
fdq uhvwulfw dwwhqwlrq wr T EZu
7 n fu
Iurp vhfwlrq 7 lw lv fohdu wkdw wkhuh duh wzr srvvleoh htxloleuld/ fruuhvsrqglqj wr
wkh fdvhv E  wEu7  funb  f dqg E  wEu7  funb:f46 Sursrvlwlrq
5 dqdo|vhv erwk srvvlelolwlhv1 Lq wkh uvw fdvh/ zh zloo rewdlq dq htxloleulxp zkhuh
erwk whfkqrorjlhv duh xvhg lq htxloleulxp/ dqg wkh h{shfwhg up ydoxhv iurp hdfk ri
wkhp duh htxdo= T EZu
7 nfM'T E 7 ( Lq wkh vhfrqg rqh/ whfkqrorj| 7 lv grplqdwhg
e| wkh rwkhu rqh/ lq wkh vhqvh wkdw dq| up rewdlqlqj T E 7 ( fdq lqfuhdvh lwv surw
xs wr T EZu
7 n fu uhjdugohvv zkdw rwkhu upv gr1 Zh wkhq rewdlq dq htxloleulxp
zkhuh doo upv fkrrvh wkh vdph whfkqrorj|/ dqg fkrrvh glhuhqw fdslwdo vwuxfwxuhv vr
wkdw wkh h{shfwhg ydoxhv duh htxdo +T EZu
7 n fM'T EZu
7 n fu,1
46Wkhvh wzr fdvhv dovr fruuhvsrqg wr Y +O
V . [O, ?Y+  G, dqg Y +O
V . [O,  Y +  G,=
47Ehiruh vwdwlqj Sursrvlwlrq 5/ zh ghqh  = vxfk wkdw T EZu
7 nfM B T EZu
7 nfu /




E￿3w￿E￿3￿￿q1 Vlploduo|/ zh fdoo 	 = wkh srlqw zkhuh T EZ7












EfM  u7  b*E  w
E  E  w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+53,
Ilqdoo|/ zh zloo fdoo 7c -￿ dqg -( wkh phdvxuhv ri upv lvvxlqj 7 (c Z7
u n fu dqg
Zu
7 n fM uhvshfwlyho|1 Zlwk wklv qrwdwlrq/ zh fdq vwdwh rxu uhvxowv1
Sursrvlwlrq 5 +l, Li EwEu7funb  fc wkh htxloleulxp glvwulexwlrq ri upv
lv jlyhq e|=
-( ' 	 =
7 ' ,  -( +54,
-￿ 'f
+ll, Li E  wEu7  funb:f/ doo upv fkrrvh wkh - whfkqrorj|/ exw wkh|
pd| glhu lq wkhlu qdqfldo vwuxfwxuh=
-( ' =
7 'f +55,
-￿ ' ,  -(
Surri1 Iru sduw +, wkh rqo| wklqj zh kdyh wr fkhfn lv wkdw 7  7 =/ zklfk lv lpphgldwh
iurp rxu lqlwldo dvvxpswlrq wkdw E  w+fM u7 b : f Wkh vhfrqg sduw iroorzv
iurp wkh suhylrxv glvfxvvlrq1
Lq wkh htxloleulxp ghvfulehg lq Sursrvlwlrq 5+,h d f kw h f k q r o r j |l vf k r v h qe |d
iudfwlrq ri wkh upv1 Lqwhuhvwlqjo|/ wkh upv zklfk kdyh kljkhu h{shfwhg oltxlgdwlrq
frvwv lvvxh pruh ghew wkdq rwkhu rqhv1 Wklv ri frxuvh lv mxvw d frqvhtxhqfh ri wkh
48glvfxvvlrq lq vhfwlrq 61 Wklv htxloleulxp mxvw ghvfulehg lv vhfrqg ehvw47/j l y h qE 
wEu7 funb  f W k hv h f r q ge h v wz r x o gq r we hd w w d l q d e o hl i	 =	7 =1 Krzhyhu wklv
lv qhyhu wkh fdvh dv fdq eh hdvlo| vhhq frpsdulqj h{suhvvlrqv +48, dqg +53,=
	 =:7 = / f
M n Z
u
7 : 7 ( /
EfM  u7  b*E  w
E  E  wq
: f +56,
zklfk lv wuxh e| dvvxpswlrq1 Qrwlfh wkdw wkh glhuhqfh ehwzhhq 	 = dqg 7 = uhvlghv
rqo| lq wkh glhuhqw wd{ vklhogv dfklhyhg zlwk hdfk ghew ohyho/ dqg d up xvlqj wkh
ulvn| whfkqrorj| dqg lvvxlqj ulvn| ghew lvvxhv wkh pd{lpxp ghew srvvleoh/ zklfk
lv qdwxudoo| odujhu wkdq dq| ghew ohyho dq 7 up fdq lvvxh1 Wkh uhdvrq zk| wklv
frpsdulvrq wxuqv rxw wr eh vr vlpsoh fdq eh hdvlo| h{sodlqhg orrnlqj dw wkh h{suhvvlrqv
ghqlqj wkh wzr ydoxhv1 Zkhq vkduhkroghuv idfh wkh whfkqrorj| fkrlfh/ wkhlu fkrlfh
ghshqgv rq wkh glhuhqfh ehwzhhq wkh oltxlgdwlrq ydoxhv ri wkh wzr whfkqrorjlhv/ dv
uh hfwhg lq wkh uvw whup ghqlqj 7 = +h{suhvvlrq +48,,1 Exw wklv vdph whup dsshduv
lq wkh frpsdulvrq ehwzhhq T EZM
7 n f dqg T E 7 (/ dv lq wkhvh wzr h{suhvvlrqv wkh
wzr glhuhqw whfkqrorjlhv duh dovr frqvlghuhg1 Vlploduo|/ wkh vhfrqg whup lq erwk
h{suhvvlrqv uh hfwv wkh frvw dgydqwdjh ri wkh ulvn| whfkqrorj| lq erwk fdvhv1 Khqfh/
wkhvh wzr hhfwv dsshdu lq wkh vdph zd| lq 7 = dqg 	 = dqg fdqfho rxw zkhq frpsdulqj
wkhp1 Wklv phdqv wkdw vkduhkroghuv* lqfhqwlyhv duh shuihfwo| doljqhg zlwk up ydoxh
pd{lpl}dwlrq zlwk uhvshfw wr wkhvh wzr hohphqwv1 Wkh rqo| uhpdlqlqj whup lv wkh
wklug rqh lq +53, wkdw dulvhv iurp wkh wd{ dgydqwdjh ri wkh - whfkqrorj|1 Wklv odvw
whup grhv qrw dsshdu lq wkh vkduhkroghuv sureohp +zklfk ghqhv 7 =,/ dv wkh| ghflgh
zklfk whfkqrorj| wr rshudwh @s|eo wkh ghew ohyho kdv ehhq ghflghg xsrq/ zkloh up
ydoxh/ e| ghqlwlrq/ lv ghqhg e% @?|e Dv wkh ulvn| whfkqrorj| kdv d eljjhu ghew
fdsdflw|/ zkhq pd{lpl}lqj up ydoxh wklv whfkqrorj| whqgv wr eh fkrvhq lq d odujhu
uhjlrq wkdq zkhq pd{lpl}lqj vkduhkroghuv ydoxh1
Wkh vhfrqg srvvleoh vfhqdulr lv dqdo|}hg lq Sursrvlwlrq 5+,1 Lq wklv htxloleulxp
zh qg d mxvwlfdwlrq iru lqwud0lqgxvwu| yduldwlrqv lq fdslwdo vwuxfwxuhv1 Hyhq li
upv sod| d v|pphwulf htxloleulxp lq wkhlu uhdo dfwlylw|/ vrph ri wkhp fkrrvh kljko|
47Zh uhihu wr wkh vhfrqg ehvw dv wkh rswlpdo glvwulexwlrq ri upv jlyhq wkh vkduhkroghuv whfkqrorj|
fkrlfhv/ l1h1 wdnlqj dv jlyhq wkh up ydoxhv dv ghqhg deryh1
49ohyhudjhg fdslwdo vwuxfwxuhv zkloh wkh uhvw lvvxh rqo| ulvn0iuhh ghew1 Qrwlfh wkdw wkh
vhfrqg ehvw fdq eh dfklhyhg djdlq1
Lq d uvw ehvw zruog oltxlgdwlrq ghflvlrqv zrxog dozd|v eh h!flhqw/ lqghshqghqwo|
ri ohyhudjh1 Jlyhq wklv/ wkh uvw ehvw phdvxuh ri upv ehlqj oltxlgdwhg ghshqgv djdlq
rq wkh vljq ri E  wEu7  funb Li wklv lv srvlwlyh/ doo upv vkrxog xvh wkh ulvn|
whfkqrorj|/ dqg
k3fu
q upv vkrxog eh oltxlgdwhg li ghpdqg lv orz1 Wklv ydoxh lv
vpdoohu wkdq  =/ e| d idfwru wkdw uhsuhvhqwv wkh wd{ dgydqwdjh ri lvvxlqj ghew1 Lq rughu
wr surw iurp wd{ vklhogv/ upv lvvxh kljk ghew ohyhov/ exw wklv wudqvodwhv lqwr wkhvh
upv ehlqj lqh!flhqwo| oltxlgdwhg1 Wkh htxloleulxp jlyhq e|  = wudghv r wkhvh wzr
hohphqwv1 Vlploduo|/ li EwEu7funb	f dq dprxqw
k3u7
q n b
E￿3w￿ ri upv vkrxog
eh oltxlgdwhg/ zklfk djdlq lv vpdoohu wkdq 	 =c dqg wkh glhuhqfh ghshqgv djdlq rq wkh
wd{ vklhogv/ iru wkh vdph uhdvrqv dv deryh1 Khqfh/ wkh ghew0ryhukdqj sureohp fuhdwhg
e| lvvxlqj wrr pxfk ghew ohdgv wr vhfrqg ehvw htxloleuld dozd|v/ zlwk wrr pdq| upv
ehlqj oltxlgdwhg1 Frqwudu| wkh uhvxowv ri Pdnvlprylf dqg ]hfkqhu +4<<4,/ zkhuh ulvn
vkliwlqj sureohpv duh uhgxfhg zkhq wkh htxloleulxp lq wkh lqgxvwu| lv frqvlghuhg/ wklv
ghew ryhukdqj sureohp fuhdwhg e| wkh qrq0frqwudfwlelolw| ri fdvk  rzv lv qrw vroyhg
qru vriwhqhg e| orrnlqj dw wkh htxloleulxp lq wkh lqgxvwu|1 Pruhryhu/ wkh idfw wkdw
upv lqglylgxdoo| wdnh lqh!flhqw oltxlgdwlrq ghflvlrqv lpsolhv wkdw wkh wrwdo phdvxuh
ri upv fkrrvlqj wkh ulvn| whfkqrorj| zlwk d ulvn| fdslwdo vwuxfwxuh lv wrr odujh1 Rxu
uhvxow lv forvhu wr Zlooldpv +4<<8, zkhuh wkhuh h{lvw sdudphwhu frqjxudwlrqv iru zklfk
vhfrqg ehvw rxwfrphv dulvh1 Dv lq rxu prgho/ lq Zlooldpv +4<<8, wkhuh duh wzr prudo
kd}dug sureohpv wr vroyh= uvw/ wkh vkduhkroghuv2pdqdjhu kdyh wr eh jlyhq lqfhqwlyhv
wr fkrrvh wkh uljkw whfkqrorj|> vhfrqg/ vkduhkroghuv fdq glyhuw wkh ixqgv wkh| rewdlq
wr lqyhvw frqvxplqj wkhp dv shunv1 Kh vkrzv wkdw wkhuh duh sdudphwhu frqjxudwlrqv
zkhuh upv duh qrw deoh wr vroyh erwk sureohpv dqg d vxerswlpdo uhvxow dulvhv +zkloh
wkh uvw ehvw lv dwwdlqhg rwkhuzlvh,1 Lq klv prgho wkrxjk frqwudfwv duh frpsohwh/ lq
wkdw erwk sureohpv duh ghdow zlwk lq wkh lqlwldo frqwudfw1 Lq rxu prgho frqwudfwv duh
lqfrpsohwh/ ehfdxvh surwv duh qrw yhuldeoh/ dqg wklv dozd|v lpsolhv wkdw wkh ulvn|
whfkqrorj| zloo eh oltxlgdwhg lqh!flhqwo| li ghew lv kljk hqrxjk1 Wkhuhiruh/ wkh uvw
ehvw lv qhyhu dwwdlqdeoh lq rxu vhwwlqj1
4:: Glvfxvvlrq dqg lpsolfdwlrqv
Zh glylgh wkh glvfxvvlrq ri wkh prgho lq wzr vhfwlrqv/ frqfhuqlqj wkh up dqg wkh
lqgxvwu|0zlgh ohyhov1
:14 Lpsolfdwlrqv dw wkh up ohyho
Zkhq wkh up*v vkduhkroghuv kdyh wr pdnh ghflvlrqv diwhu fdslwdo vwuxfwxuh lv ghwhu0
plqhg/ wkhuh pd| h{lvw prudo kd}dug sureohpv lq wkdw wkh| kdyh wr eh jlyhq wkh uljkw
lqfhqwlyhv wr xqghuwdnh wkh rswlpdo dfwlrqv +l1h1 wkrvh zklfk pd{lpl}h up ydoxh,1
Xvxdoo| wkhvh dfwlrqv kdyh lpsolfdwlrqv erwk iru wkh up ydoxh dqg iru lwv ulvnlqhvv1
Lq rxu sduwlfxodu fdvh/ vkduhkroghuv kdyh wr fkrrvh zklfk whfkqrorj| wr xvh wr sur0
gxfh1 Zh kdyh uhdvrqhg wkdw whfkqrorjlhv zlwk orz oltxlgdwlrq ydoxhv duh olnho| wr eh
ulvnlhu wkdq wkrvh zlwk kljk oltxlgdwlrq ydoxhv1 Khqfh/ zkhq vkduhkroghuv kdyh wr eh
lqgxfhg wr fkrrvh iru wkh iruphu/ ghew zloo kdyh wr eh kljk +dqg ylfh yhuvd,1 Li zh
devwudfw iurp +ru frqwuro iru, wkh lpsdfw wkdw hdfk fkrlfh kdv rq oltxlgdwlrq ghflvlrqv
/ zh vkrxog revhuyh wkdw upv uhtxluhg wr lqyhvw lq yhu| vshflf/ ulvn| dvvhwv duh fkdu0
dfwhul}hg e| kljk ohyhudjh1 Ixuwkhu/ zh fdq h{whqg rxu dujxphqw wr hohphqwv rwkhu
wkdq *whfkqrorj| fkrlfhv*1 Iru h{dpsoh/ lq g|qdplf lqgxvwulhv olnh LW d juhdw ghdo ru
lqqrydwlrq/ U)G dqg ulvn| lqyhvwphqwv lv uhtxluhg iurp d up wr eh vxffhvvixo1 Wkhvh
duh w|slfdoo| dfwlylwlhv zlwk orz oltxlgdwlrq ydoxhv +h1j1 U)G frvwv duh *vxqn* diwhu
wkh| kdyh ehhq lqfxuuhg/ phdqlqj wkh| kdyh }hur oltxlgdwlrq ydoxh, dqg qhyhuwkhohvv
kdyh srvlwlyh QSY +vlqfh wkh| duh lqghhg xqghuwdnhq,1 Lq rughu iru vkduhkroghuv wr
vhhn wklv nlqg ri ulvn| dfwlylw|/ kljk ohyhudjh lv fdoohg iru1 Wklv pd| eh dq dujxphqw
h{sodlqlqj wkh uhfhqw vxffhvv ri yhqwxuh fdslwdo upv lq qhz lqgxvwulhv1 Lq wklv nlqg
ri upv wkh pdqdjhu rewdlqv yluwxdoo| doo klv ixqgv iurp dq h{whuqdo lqyhvwru/ wkh
yhqwxuh fdslwdolvw1 Dujxdeo| wklv yhu| ohyhudjhg qdqfldo vwuxfwxuh doorzv 0lqgxfhv0
wkh hqwuhsuhqhxu wr wdnh doo qhfhvvdu| ulvnv wr pdnh d vxffhvvixo up1
4;:15 Lpsolfdwlrqv dw wkh lqgxvwu| ohyho
Wkhvh duh frqwdlqhg lq Sursrvlwlrq 51 Revhuyh wkdw wkh wzr sduwv ri wkh sursrvlwlrq
wrjhwkhu phdq wkdw wkhuh pxvw eh vrph *pl{lqj* lq wkh lqgxvwu| lq htxloleulxp1 Zh
frxog uhvwdwh erwk uhvxowv lq rqh e| frqvlghulqj wkdw dv wkh 7 whfkqrorj| ehfrphv wrr
frvwo| zlwk uhvshfw wr wkh ulvn| rqh/ wkh lqgxvwu| vkliwv iurp pl{lqj whfkqrorjlhv wr
pl{lqj fdslwdo vwuxfwxuhv1 Uhfdoo wkdw wkh frqglwlrq wr kdyh wkh uvw htxloleulxp lv
E  wEu7  funb  f Wkhuhiruh/ li wkh frvw dgydqwdjh ri wkh ulvn| whfkqrorj|
lv orz hqrxjk frpsduhg zlwk lwv kljkhu srwhqwldo oltxlgdwlrq frvwv erwk whfkqrorjlhv
duh xvhg lq htxloleulxp1 Dw E  wEu7  funb 'fwkh htxloleulxp vzlwfkhv
dqg wkh vdih whfkqrorj| lv qhyhu xvhg1 Lq erwk htxloleuld/ lq rughu wr *duelwudjh*
wkh ghfuhdvlqj oltxlgdwlrq ydoxh ri wkh ulvn| whfkqrorj|/ d vx!flhqwo| kljk dprxqw
ri upv qhhgv wr jhw dzd| iurp wkh srvvlelolw| ri ehlqj oltxlgdwhg zlwk wkh ulvn|
whfkqrorj|/ dqg wklv lv dfklhyhg e| hlwkhu lvvxlqj qr ulvn| ghew ru e| fkrrvlqj wkh
dowhuqdwlyh whfkqrorj|/ zklfkhyhu srvvlelolw| lv pruh surwdeoh1 Wklv lpsolhv wkdw
fdslwdo vwuxfwxuh dqg whfkqrorj| fkrlfh duh h{ dqwh vxevwlwxwhv lq wkh up surw dv
phdqv wr uhgxfh h{shfwhg edqnuxswf| frvwv1 Lq rughu wr uhgxfh wkh srwhqwldo frvwv
ri edqnuxswf| d up fdq hlwkhu fkrrvh vdih dvvhwv/ ru hovh fkrrvh ulvn| dvvhwv exw
frpelqhg zlwk d ohvv ulvn| fdslwdo vwuxfwxuh1
5+, fdq eh vhhq dv d mxvwlfdwlrq ri wkh h{lvwhqfh ri glhuhqw surgxfwlrq whfkqror0
jlhv dfurvv upv lq wkh vdph lqgxvwu| +h1j1/ oderu lqwhqvlyh dqg fdslwdo lqwhqvlyh,1 Lq
wklv vhqvh/ wkh uhvxow lv vlplodu wr wkdw rewdlqhg e| Pdnvlprylf dqg ]hfkqhu +4<<7,1
Rqh ri wkh whfkqrorjlhv pd| eh rswlpdo iurp d vlqjoh0up srlqw ri ylhz/ exw zkhq
wkh zkroh lqgxvwu| lv frqvlghuhg/ lw wxuqv rxw wkdw erwk duh xvhg lq htxloleulxp1 Pruh
lqwhuhvwlqjo|/ zh vkrz wkdw wkh upv xvlqj rqh ru wkh rwkhu whfkqrorj| kdyh glhuhqw
qdqfldo vwuxfwxuhv1 Wkxv/ zh qg d qhz mxvwlfdwlrq iru wkh revhuyhg h{lvwhqfh ri
glhuhqw fdslwdo vwuxfwxuhv dfurvv upv lq wkh vdph lqgxvwu| edvhg rq wkh pdunhw
+oltxlgdwlrq, ydoxh ri wkh upv* dvvhwv1 Wkh hpslulfdo suhglfwlrq zrxog eh wkdw zkhq
upv xvh glhuhqw whfkqrorjlhv/ ru zkhq wkh ehkdylru ri upv zlwk uhvshfw wr ulvn|
dfwlrqv lv glhuhqw/ wklv glhuhqfh zloo eh uh hfwhg lq wkhlu fdslwdo vwuxfwxuh1
Wklv uhvxow dovr mxvwlhv zk| upv pd| eh rshudwlqj zlwk dssduhqwo| lqh!flhqw
4<whfkqrorjlhv1 Revhuyh wkdw wkh rqo| dgydqwdjh ri zkdw zh fdoohg 7 whfkqrorj| gzhoov
lq lwv oltxlgdwlrq ydoxh1 Dssduhqwo| wkhq/ d up rshudwlqj wklv whfkqrorj| lv lqh!flhqw
dqg dfwxdoo| lwv rshudwlqj frvwv duh kljkhu wkdq wkrvh ri rwkhu upv lq wkh lqgxvwu|1
Rqo| li zh frqvlghu wkh zkroh ydoxh ri wkh up/ lqfoxglqj wkh pdunhw ydoxh ri lwv dvvhwv
0dqg khqfh wkh suredelolw| ri kdylqj wr vhoo wkhp rxw0/ lv wklv whfkqrorj| h!flhqw1
Wklv pd| eh uhohydqw iru *xqvwdeoh* lqgxvwulhv/ olnh qhz lqgxvwulhv zlwk d orw ri ixwxuh
xqfhuwdlqw|/ ru hyhq ghfolqlqj lqgxvwulhv zlwk d ghfuhdvlqj qxpehu ri upv1
Lq sduw +, ri Sursrvlwlrq 5 doo upv fkrrvh wkh vdph whfkqrorj|/ exw wkh| fkrrvh
glhuhqw fdslwdo vwuxfwxuhv1 Vrph upv fkrrvh ulvn| fdslwdo vwuxfwxuhv dqg wkh uhvw
lvvxh qr ulvn| ghew1 Zkhq wkh upv* dvvhwv duh vshflf +up0 ru lqgxvwu|0vshflf,
wkh| zloo kdyh wr eh vrog wr lqihulru xvhuv zkhq wkh up lv oltxlgdwhg1 Zh dujxhg
wkdw/ dv pruh dqg pruh upv idoo lqwr qdqfldo glvwuhvv/ wkdw vdoh zloo lqyroyh d ex|hu
zlwk dq hyhu ghfuhdvlqj ydoxdwlrq/ dqg wkhuhiruh oltxlgdwlrq frvwv zloo eh lqfuhdvlqj
lq wkh qxpehu ri upv lq qdqfldo glvwuhvv1 Li vhyhudo upv duh lqyroyhg lq d ulvn|
g|qdplf exvlqhvv/ wkh oltxlgdwlrq ydoxh ri wkhlu dvvhwv zloo eh yhu| vpdoo li doo ri wkhp
vlpxowdqhrxvo| idoo lqwr qdqfldo glvwuhvv1 Dv d frqvhtxhqfh/ dw vrph srlqw upv zloo
ghflgh wkdw wkh oltxlgdwlrq ydoxh ri wkh w|slfdo lqgxvwu| dvvhwv kdv ehfrph wrr vpdoo
dqg wkh| zloo dyrlg wkh srvvlelolw| ri qdqfldo glvwuhvv1 Zh vkrxog wkhq revhuyh wkdw
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